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Theory of effective g-factors in ternary semiconductors:
application to Pb,_.Sn, Te

R L Hota and G S Tripathi
Department of Physics, Berhampur University, Berhampur 760007, Orissa, India

Received 27 February 1991,

Abstract. The effective g-factor, obtained from the spin contribution to the Knight shift, is
calendated from first principles for ternary semiconductors and applied to Pb,.,Sn,Te. A six-
level k+ = theory, within the framework of the effective-mass representation, is used to
calculate the effective g-factor as a function of carrier density, tin concentration and tem-
perature. The temperature and concentration dependence of the energy gap is used via the
virtual-crystal approximation. The agreement with the available experiments is good, and
the trends and results obtained are in overall conformity with that found in the experiments.,

1. Introduction

The calculation of the effective g-factor in semiconductors is important because of the
dependence of the Knight shift on this quantity (Tripathi er @/ 1981, 1982). Recently, it
has received particular attention in view of its anomalous characteristic in the relatively
new semiconductors, namely the semimagnetic semiconductors (Dobrowolska et af
1981, Dobrowolski ef al 1981, Bastard ¢f al 1981, Heiman et af 1983), where the g-factors
are found to be enhanced by two orders of magnitude with reference to the corresponding
ordinary semiconductors.

The concept of ‘effective spin Hamiltonian’ and effective g-factors was first intro-
duced by Roth (1960), who obtained an expression for this factor, considering the
antisymmetric part of the g-tensor, noting that the symmetric part vanishes for a crystal
with inversion symmetry, Yafet (1963) obtained an expression for the square of the
effective g-factor, by considering explicitly the spin—orbit interaction. Misra and
Kleinman {1972) derived an expression for the effective Pauli spin susceptibility as a
function of the square of the effective g-factor. They have shown the equivalence of
their results with that of Yafet (1963). While the effective Pauli spin susceptibility
depends on the square of the effective g-factor, the dependence of the Knight shift on
the effective g-factorislinear (Tripathi eral 1981, 1982, deCastro and Schumacher 1973).
Thus, the sign of the g-factor is ascribed from the sign of the Knight shift (Hewes et al
1973). Our interest in the effective g-factor in ternary semiconductors, particularly in,
Pb;_,Sn,Te, is motivated primarily due to the controversy attached to the role and sign
of g-factors in the Knight shift of these systems (Leloup and Sapoval 1979). Furthermore,
although the band-edge g-factors in PbTe have been discussed by several authors
(Mitchell and Wallis 1969, Leloup and Sapoval 1979, Leloup et al 1973, Sapoval and
Leloup 1973, Bernick and Kleinman 1970), there has been no satisfactory calculation,
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from first principles of the effective g-factors in Pb,_,Sn,Te as a function of carrier
concentration, tinconcentration and temperature. This work presents such acalculation,
for the first time, and may be viewed as as extension of our calculations of the magnetic
properties of these systems (Tripathi et a/ 1981, 1982, Misra et o/ 1984, 1985, 1986, 1987,
Misra and Tripathi 1989, Hota and Tripathi 1990).

The organization of the paper is as follows. Section 2 discusses the general expression
for the effective g-factor. We discuss in section 3 the effective-mass approximation and,
the related k - & band model as appropriate to Pb, _,Sn, Te. Section 4 presents the results
of our calculation followed by a discussion. We summarize the work in section 5 with an
appropriate conclusion.

2. General expression for the effective g-factor

As mentioned earlier, the effective g-factor is an integral part of the Knight shift (K).
The general expression for K, in the presence of many-body and spin-orbit effects, is
(Tripathi et af 1981, 1982)

|
K:up'= _é 2 2 -

[ HE n‘k,pl-an(k)
where a,(k) is the exchange-enhancement factor; X is the hyperfine vertex, which
includes the contact, dipolar and orbital hyperfine interactions; f'(£,,) is the energy
derivative of the Fermi function; and g&f:¥ (k) is the intra-band effective g-factor and is
given by

X:p ne' 8f=ﬁn -(k)fl(Enk) (21)

ng Ny ”Eﬁ "
g3 (k) = 800t no (k)+ D 22)
m.p" mn
m*En

Here g, is the free-electron g-factor; o are Pauli spin matrices; & are the momentum
operators in the presence of spin—orbit interaction; # and m are band indices and the p.
are spinindices; E,,, = E, (k) — E,(k); £,4,1s an antisymmetric tensor of third rank; and
we follow Einstein summation convention. In the absence of spin—orbit interactions,
the second term becomes zero, and the effective g-factor reduces to the free-electron
g-factor g;. The matrix elements are taken between the periodic parts of the Bloch
functions, and in general represented by

O"PJ"P J’unkpo (r)umkpd r. (23)

In PbTe, the energy surfaces at the L point are approximately prolate spheroids with
the major axes in [111] directions. Therefore, within the first Brillouin zone, there
are eight half-spheroids, or equivalently four complete spheroidal energy surfaces.
However, the spheroidal approximation is only good for low carrier concenirations.
With k vectors away from the band edge, the surfaces of constant energy become
cylindrical. In the absence of a magnetic field, all the four valleys at {111) zone edges
are equivalent. However, in an arbitrary oriented external magnetic field, neither the
matrix elements of ¢ nor the Fermi population factors are identical in the four valleys
at the {111) zone edges. However, when the field is applied along the [001] direction,
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all the four valleys are equivalent. Following Mitchell and Wallis (1969), the crys-
tallographic axes are taken along X = [112], ¥ = [110] and Z = [111]. Thus, X can be
written as

K = 43K' + 3K9) (2.4)

where the factor 4 comes about because of the four valleys, and Ki is the longitudinal
component along [111] and K" is the transverse component along [112]. Assuming the
hyperfine matrix elements to be isotropic, we can write

g=13g' +3g 2.5
where
8hono (k) = 80Gipnp + % P (”f“"””’"”?””"'""'E;f’;"'”"’”“f"""'”"') (2.6)
mn
and ‘
Bhomo (k) = 80 0%p npr + % mzp" (Jrﬁp'.mp"Hﬁep".up;E;nﬂﬁp.mpu:cfnpn,np’). @.7)
m#n

3. Electronic structure

3.1. Background

The IV-VI semiconductors, which include the lead salts (PbS, PbSe and PbTe), are
among the most interesting materials in solid-state physics (Cohen and Chelikowsky
1989). The above statement is justified for the fact that, despite their simple crystal
structure (NaCl), some of these compounds exhibit ferroelectric, paraelectric and
superconducting behaviour. Moreover, the temperature dependence of the energy gaps,
the high value of static dielectric constants and the electronic structure of some of the
alloys of these compounds appear to be anomalous compared to the conventional
behaviour of the diamond and zincblende semiconductors.

PbTe and SnTe are considered as prototypes for this group and studies of these
semiconductors are used to illustrate common features. The electronic structures of
PbTe and SnTe and other compounds have been extensively investigated, both theor-
etically and experimentally. A variety of band calculations such as the relativistic aug-
mented plane-waves (RAPW) method (Conklin et al 1965, Rabii and Lasseter 1969, Rabii
1969), the orthogonalized plane-wave (0Pw) method (Herman et 2/ 1968), the empirical
pseudopotential method (Tung and Cohen 1969, Bernick and Kleinman 1970, Kohn et
al 1973, Martinez et al 1975) and the relativistic Green function or Korringa-Kohn-
Rostoker (Kkr) method (Overhof and Rossler 1970) have been performed for these
materials. More recently, a self-consistent RAPW calculation for SnTe (Melvin and
Hendry 1979) and a first-principles pseudopotential total-energy calculation for the
ground-state properties and electronic structures of PbTe and SnTe (Rabe and Joan-
opoulos 1985) have been reported. Although there is general agreement among the
calculations on the energy levels and their spacings, the results do differ in detail. Thus,
the finer features of the band structures for this group of compounds are not as well
understood as in the case of the diamond and zincblende structures. Many of the existing



6302 R L Hota and G § Tripathi

PhTe Snle Figure 1. Band picture of Pb, . ,Sn, Te asa function
of tin concentration.

Table 1. L-point basis functions and energy levels.

Mw basis functions: ’ Magnitudes
only onc of the Kramers (Bernick and
conjugate pairs for each Energy Kleinman)
level is given levels (2Ryd)
Lage=cos8 z1 —sing"x, | £ 0.049
Lia=(/v2)(-x.} +ix. 1) &5 0.047
Lere=sin8"z7 +cos8 x, | £ 0.007
Lio=—icosg*Rt ~sin@*§, ] £} 0.0
Lia={/V2S-] +i8, 1) e} -0.029
Lha=isin8* RT +cos@* S, | £1 ~0.049

band-structure calculations have some empirical input, and self-consistent methods have
not yet been actively applied to this area. Thus calculations of physical quantities like
the Knight shift ( K), magnetic susceptibility and effective g-factors give adequate insight
about the electronic structure of these materials.

The minimum energy gaps in both PbTe and SnTe occur at the L point of the Brillouin
zone. The conduction and valence band edges have L; and L{ symmetry in the lead
salts, but the ordering is reversed in the case of SnTe. Thus, the alloying of SnTe with
PbTe causes a gradual variation of the energy gap as a function of composition. It has
been established that the conduction and valence bands actually cross at a critical
composition, and this band inversion composition is somewhat temperature-dependent,
A schematic picture of this crossing is shown in figure 1. In addition to the band-edge
levels, two more bands on each side of the energy gap are of importance for the
interpretation of physical properties. The basis functions and corresponding energy
levels in order from the top of the conduction band to the bottom of the valence band in
the Mitchell and Wallis (Mw) (1966) notation are given in table 1. We follow the Bernick
and Kleinman (1970) band ordering.

In table 1, cos 8* and sin 6* are the amplitudes of single-group functions in the
double-group basis functions. The spatial parts of the basis functions have the following
transformation properties about Pb: R transforms like an atomic s state, x. and z
transform like atomic p functions with m, = £1 and 0, and S. transform like atomic d
functions with m, = =1,
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3.2. Six-level k - m theory

We consider the eigenvalue equation,
[z2/2m + V(")x(k, r) = Ex(k, 1) (3.1)

where y(k, r) are the Luttinger and Kohn (1955) wavefunctions

1k, 1) = 2 C (k) %0l g, (7). (3.2)

Here v, (r) is the Bloch function at &y
W oo (1) = %0 U e (). (3.3)

Using equations (3.2) and (3.3) in equation (3.1), multiplying both sides of equation
(3.1) on the left by u,}; () and integrating over the whole space, we obtain

h f
Zn: l(E"k" + 2 (k2 —k3) —E) Lo +; (k—ky) - 17,,,1.] C,=0 (3.4)

where

o' =J- Ui (F) Ttk (7) d’r. (3.5)

cell

The integral in equation (3.5) is over the unit cell. Let us assume that kg is the L point in
the Brillouin zone. Referring to this point as the origin in k-space, we write equation
(3.4)as

fitk? A
2,1: [(Enk(j + % - E) 6,,,,,: + E (k . 'n'),m»:l C,2 =0Q. (3.6)

Equation (3.6) gives a complete description of energy bands throughout k-space in terms
of energy E,, and momentum matrix elements i,,,.. This is the basic equation of the
k - 7 representation.

In PbTe, there are six levels around the energy gap that contribute significantly to
a k- 7 perturbation theory. The band-edge levels according to Bernick-Kleinman
ordering (Lo, L5, L aand L B) are diagonalized exactly and the interaction with
other bands is treated up to second order.

The diagonalization of the band-edge states gives the wavefunctions

{1+ w vz V2(h/m)tk, . V2(k/m)sk, N
L= (—2-;“) 6201“WL610'+WL61£3 (3.7a)

{1+ w\ V2#R/mME, Vah/mysk.
Y2 = (7) Laf+ Eolw(l+ % LB+ Ealw(l+ w)® L (3.78)

C{1Ew\2 Vat/mtk, Vakjm)sk, . _
0= () Lae B+ Wi L8 B e B Lef (79
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Ya = (1;”7””) " Las- —-——E:S(g/ f):];], 7 Lab - ——Eﬁ?l/ 'f)i’;}‘ laa  (3.7d)
and the energies
E7 = &5 + k2K /2m +1Eg(w — 1) (3.8a2)
E} =ef + 8% /2m — {Eg(w — 1). (3.8b)

In equations (3.7) and (3.8),

(1 + zﬁ ;’jz 4ﬁ—i';’§2)l/2 (3.9)
s={Lialr* |Lap) = (L&Bln" |Laa) (3.10)
t=—(L§eln*|Lgpa) = (L&Bln* |LaB) (3.11)

= k2 + k2 (3.12)
ke = (k2 ik,)/V2 (3.13)
n* = (a* in”)/V2. (3.14)

The interaction between band-edge states has so far been considered. Interaction of far
bands has been considered up to second order in perturbation theory and the result is

Ec.v(k) = Ecv + ﬁ2k2/2m x %EG(W - 1) + Mlc.vkg + MZc.vkg
+[Mse o /w(l+w)+ My fwlky + [ Mo, /w(l+w)+ M, /wik?
+ [M7c.v/w(1 + W) + M&u/w]kikg (3'15)

where the suffixes ¢ and v denote the conduction and valence bands except in the third
term in which case these are denoted by + and - signs. M, to Mg are complicated
functions of momentum matrix elements and energy gaps at the L point (Misra er af
1984). The chemical potential is calculated, using a self-consistent method, from the
following expression:

= o + [0 = (42/2m)(3FY) (316
where
= Gy | R =) &% (3.17)
and
uo = (h2/2m)(32n)?. (3.18)

The factor 8 in equation (3.17) accounts for the spin degeneracies of the energy levels
and the four L valleys of the Brillouin zone; u, is the free-electron chemical potential
and » is the carrier density. We use cylindrical coordinates for the evaluation of equation
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Table 2. Matrix elements of & - 7.

k- ar L Laf Lgg Lo LiB Liw
Lha  —Ek, Bk_ sk. —th, Hk. iH'E,
L:8 Bk, Ek, tk, sk, i Bk H%.
Lag Dk, Fk, . k. ik Tk
Laa  —Fk, Dk_ dk. f, Tk, ik,
Lip Ak, -iAk,  —iak. ak_ 0 ~Lk,
Lia —iA*h. A%, a*k, =gk Lk, 0

(3.17) and the integration is done numerically. The variation of the energy gap. with
temperature and tin concentration is considered using the formula (Dimmock et al 1966)

Eo(x, T) = |Eg(0, T) — 0.543x + 0.02¢?| eV (3.19)

where Eg(0, T) represents the temperature dependence of PbTe energy gap and is given
by

Eq(0, T) = Eg(0,0) + 4.85 X 10™4TeV K™ (3.20)

where T is the temperature in kelvins.
It was found that for a fixed carrier density the chemical potential decreases with
increase in tin concentration.

4, Results and discussion

In order to evaluate the g-factors we need to know the momentum matrix elements. We.
give the matrix elements of k - 7 between the double-group basis functions at the L point
in table 2 (Mitchell and Wallis 1969).

In table 2, the constants used are

s=—sin@*sin @~ P3; —cosB* cos 8™ Py,

a=(1/V2)sin0 P; +icos 6~ Py,

d=sinB cos@ Py —sinBf cos8* P,

t=sin 8~ cos 8 Py, + cos 8™ sin 8* Py,

f=—sin@ sin@* P, —cos @7 cos 6~ Py

H=(1/V2)cos 6% P;; +isin8* Py

J=(1/V2)sin@* P; +icos 87 Py (4.1)
L=iPy,

B=cos0" sinf@ P;; —cos 8 sin Bt Py

A=(1/V2)cos 6* P;; —isin @ Py

D=cos8% cos8™ Py +sin8  sin@" Py,
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E= —cos8*cos8~ Py +sin8*sinf~ Py
F=—cos# sin8* P, +sin 8~ cos §* P,,.

Inequations (4.1), Py,, Py, Py, Py, and P); are the momentum matrix elements between
the single-group states (Mitchell and Wallis 1969).
For the conduction band g-factor, we have, using equation (2.6),.

2i ()% |mp"mp"|a? [y} — (| |mp"Mimp"| % |9,y
g =awilorlyy + 2 3 (LI 90) = & b b omg 03
m.p" m 2
m¥En
(4.2)
and
2 {yn |2 | mp"Xmpe' | | ) — (|72 | mp"Ymp” | xF |45)
g::-=gO<WI|0x|W2>+E 3 (‘Pl] |mp"¥mg'| |Ez _;:P_ﬂ |mp"Ymp’| W’z)
mp’ m 2
m#n
(4.3)
where m takes all other energy levels except the energy levels represented by ¢, and
Y.
From equations (3.7), (3.8), (3.13) and (4.1) to {4.3), and table 2, we can write.

1+w #?cos2@t
! _ (W - EOSAY . hap2 22
5 g“[ ( S )‘mze BT w) ks k")]

+ 2{[(1+w 2h225k2 )2 it Sf’k‘:, ] 1
m w miELw(l+w)/ m* Etwi(1+w)i] Egw

+2 (1 + w)( 2}al? _ d? )
2w /\2(ef ~€3)~Eg(w—1) 2(ef —¢e3)— Eg(w—1)
212k — 2°K2)
mPELZw(l + w)

B 2|H|?
X (z(s; T e - Eow—1) 25 - 3) - Eq(w— 1))} @4

and

1+ #%cos? 6*
g =g [( w) §in 0 + —5 o (27 ~ slk,%f,)]

2w m2Ezw(l + w)
N 2\/5[ s, 4205k
m Egw  m*EZwi(l+w)

252 BE(s*k2 — 2°K?)
m?Egw(l + w)[2(e] — £5) — Eg(w — 1)]

* (1 ;ww) 2ef — &5 )foEG(w - 1)]' (4.5)

In the band-edge limit, i.e. when k5 = 0 and k, = 0, our results reduce to the Mitchell
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Figure 2. Effective g-factor versus carrier con- Figure 3. Effective g-factor versus carricr con-
centration for n-type PbTe. centration for p-type PbTe.

and Wallis (1969) expressions. The g-vaiues were calculated by substituting &, by its
Fermi surface value &;, which is obtained by solving the equation

Eo(k}, k) — =0 (4.6)

for k3 = 0. The single-group momentum matrix clements, the amplitudes of single
groups in the double-group eigenfunctions and the energy levels were obtained from
Bernick and Kleinman (1970). The valence band g-factors were obtained from equations
{4.4) and (4.5) by the following exchanges: d < B,a H, fe E,Jo Aand L= ~L
for the matrix elements, and €3 .« £}, £7.© €7, £{.«> £} and E; = — Eg for the energy
levels.

We have plotted the g-values versus carrier density for both n- and p-type PbTe in
figures2and 3. It isseen that the g-values decrease with increase in carrier concentration.
In figures4 and 5 we have plotted the g-values for n- and p-type Pb,_ ,Sn, Te, respectively,
as functions of temperature for two typical values of carrier concentrations and tin
concentrations. We found that for fixed carrier concentrations and tin concentrations,
g-values decrease with temperature. For fixed carrier density and temperature, however,
g-values increase with increase in tin concentration {figures 6 and 7). Our results are
compared with experiment where available in table 3. The agreement between our
results and experiment is, except in a couple of cases, good to excellent. It may be noted
that Hewes et al (1973) have obtained better agreement than us. However, their results
were cbtained by using several parameters obtained from experiment. On the other
hand, ours is the first @b initio calculation for the g-factors as functions of carrier density,
tin concentration and temperature..

We have seen that the transverse g-factors change sign by changing the sign of sin 8,
which does not change the energy levels, as has been discussed earlier (Tripathi er af
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Figure 4. Effective g-factor versus temperature
for two typical values of carrier (electron) and tin
concentrations. A:n = 3.0 X 107cm™* x = 0.16;
B: n=12x10"® cm™ x=016; C n=
3.0 x 10"em™3,x = 0.08;D:n = 1.2 x 10%em ™,

Figure 5. Effective g-factor versus temperature
for two typical values of carrier (hole) and tin,
concentrations, A: p = 3.0 X 107em™%, x = 0.15;
B: p=12x10" em™, x=015 C p=
3.0x 10"em™,x =0.00;D:p = 1.2 x 10¥em3,

x = 0.08, x = 0.00.

1981, 1982). Thus, we believe that the sign of the g-factor is not unique, as is the case in
the Knight shift. Our results can be improved by the following methods. We consider a
virtual crystal approximation, which is only good for low concentration of tin. More
realistic caleulations valid for an alloy system should be considered, as has been done
in the electronic structure calculation of Pb,_,Sn,Te (Lee and Dow 1987). We have
considered exact diagonalization of band-edge states only and the far bands are taken
into account through second-order perturbation. This should be improved for the results
to be valid for carrier densities beyond the limit of about 10 cm =3,

5. Summary and conclusions

In this work, we have made a careful analysis of the effective g-factors in Pb,_,Sn,Te.
This work presents, to our knowledge, the first ab initio calculation of effective g-factors
as functions of carrier density, tin concentration and temperature. The formulation is
general and can be applied to the other ternary compound, Pb, _ Ge,Te, of this family.
‘We have not done this, because of the unavailability of data for the variation of the
temperature-dependent energy gap as afunction of Ge concentration. Exceptinacouple
of cases, our results agree fairly well with experiment where available, Also, the overall
trends and results obtained are in general conformity with the experimental results.
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Figure 6. Effective g-factor versus tin concen- Figure 7. Effective g-factor versus tin concen-
tration for two typical values of carrier (electron) tration for two typical values of carricr {hole)
concentration and temperature, A: n= concentrationandtemperature, A:p = 3.0 x 10°7
3.0x10%em ™3, T=0K;Brn=12x 10%cm™, em™, T=0K;B:p=12x10%cm™? T=0K;
T=0K, C:n=30x10" em™3, T'=50K; D: C: p=30x%x10" em™? T=50K; D: p=
n=12x10%m™, T=50K. 12x10%em™, T=350K.

The formulation can suitably be applied to study the enhancement of g-factors in
semimagnetic semiconductors, such as Pb,_ Mn,Te and Pb,_,Fe, Te. However, the g-
factor expressions should include the effects of s—d and s—f hybridizations, as has been
incorporated in the case of the Knight shift (Tripathi 1985, Tripathi et af 1987). Such a
formulation is in progress and results will be reported when available.
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